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ABSTRACT 


The focus of this paper is to propose a new notion of Fuzzy Neutrosophic soft set and to study some basic operations 
and results in Fuzzy Neutrosophic soft spaces. Further we develop a systematic study on Fuzzy Neutrosophic soft set 
and obtain various properties induced by them. Some equivalent characterization and inter-relations among them are 
discussed with counter example. 
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1. INTRODUCTION 


In dealing with uncertainties many theories have been recently developed, including the theory of probability, theory of 
fuzzy sets, theory of intuitionistic fuzzy sets and theory of rough sets and so on. Although many new techniques have 
been developed as a result of these theories, yet difficulties are still there. The major difficulties arise due to inadequacy 
of parameters. 


In 1999, Molodtsov[4] , initiated the novel concept of soft set theory, which was a completely new approach for 
modeling uncertainty and had a rich potential for application in several directions. This so- called soft set theory is 
free from the difficulties affecting existing methods. The fuzzy set was introduced by Zadeh [13] in 1965 where each 
element had a degree of membership. The intuitionistic fuzzy set (IFS for short) on a universe X was introduced by 
K.Atanaasov [1] in 1983 as a generalization of fuzzy set, where besides the degree of membership and the degree of 
non — membership of each element. The concept of Neutrosophic set was introduced by F. Smarandache [10] which is a 
mathematical tool for handling problems involving imprecise, indeterminacy and inconsistent data. Pabitra Kumar Maji 
[7] had combined the Neutrosophic set with soft sets and introduced a new mathematical model ‘Neutrosophic soft set’. 


In the present study, we have defined Fuzzy Neutrosophic soft set and we establish some related properties with 
supporting proofs and examples. We consider the topological structure of Neutrosophic soft set as a tool to develop 


Fuzzy Neutrosophic soft topological space and derive some of their topological properties. Here we recall the 
definitions that are prerequisite for this paper. 


2. PRELIMINARIES 


Definition 2.1: [10] A Neutrosophic set A on the universe of discourse X is defined as 
A=(x,T,(x),1,(x),F,(x)),x€X where T,1,F :X >| ~0,1° | fand “OST, (x) + 14(x) + F,(x)S3". 
Definition 2.2: [8] A neutrosophic set A is contained in another neutrosophic set B. (i.e.,) 


ACB ST,(X) ST, (X), I, (X) S$ Ip (X) , F(X) 2 F(X) Wx ex 
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Definition 2.3: [4] Let U be the initial universe set and E be a set of parameters. Let P(U) denote the power set of U. 
Consider a non-empty set A, A c E .A pair (F,A) is called a soft set over U, where F is a mapping given by F: A > 
P(U) 

Definition 2.4: [7] Let U be the initial universe set and E be a set of parameters. Consider a non-empty set A, ACE. 
Let P(U) denote the set of all neutrosophic sets of U. The collection (F, A) is termed to be the soft neutrosophic set 
over U, where F is a mapping given by F: A— P(U). 

Definition 2.5: [7] The complement of a neutrosophic soft set (F, A) denoted by (F, A)* and is defined as 

(F, A)S = (FS, IA) where F°:|A —> P(U) is a mapping given by F(a)=neutrosophic soft complement with 
TcQQ= F(X), L.c()= 1:0), Fic (X)= TeX). 


Definition 2.6:[7] Let (F, A) and (G, B) be two neutrosophic soft sets over the common universe U.(F,A) is said to be 
neutrosophic soft subset of (G,B) if ACB and Ty...) (X) ST) (X) Lee (X) S$ Lee (4) » Fr (ey) (4) 2 Fore) (X) 
Vee A,xeU. We denote it by (F, A) c (G, B). 


(F, A) is said to be neutrosophic soft super set of (G, B) if (G, B) is a neutrosophic soft subset of (F, A).We denote it by 
(F, A) 3G, B). 


Definition 2.7:[7] Two neutrosophic soft sets (F, A) and (G, B) over the common universe U are said to be equal if 
(F, A) < (G,B) and (G, B) c (F, A).We denote it by (F, A) = (G, B). 


Definition: 2.8 [7] Union of two Neutrosophic soft sets (F, A) and (G, B) over (U, E) is Neutrosophic soft set where C 
= AUB V ee C. 


F(e) ; ifeeA-B 
H(e) =4G(e) ; ifeeB-A  andis written as (F,A) U (GB) = (HO). 
F(e)UG(e) ; ifee ANB 


Definition: 2.9 [7] Intersection of two Neutrosophic soft sets (F,A) and (G,B) over (U, E) is Neutrosophic soft set 
where C = ANB V ee C. H(e) = F(e) A G(e) and is written as (F,A)  (G,B) = (H,C). 

3. FUZZY NEUTROSOPHIC SOFT SET 

From philosophical point of view, the neutrosophic set takes the value from real standard or non-standard subset of 
[-0, 1°]. But in real life application in scientific and Engineering problems it is difficult to use neutrosophic set with 
value from real standard or non-standard subset of [(0, 1°]. Hence we consider the neutrosophic set which takes the 


value from the subset of [0, 1]. 


Definition 3.1: A Fuzzy Neutrosophic set A on the universe of discourse X is defined as 
A=(x,T,(x),14(x),Fa(x)),.x€X where T,I,F : X [0,1] and OST, (x)+I4(x)+ F,(x)S3. 


Definition 3.2: Let U be the initial universe set and E be a set of parameters. Consider a non-empty set A, A c E. Let 
P (U) denote the set of all fuzzy neutrosophic sets of U. The collection (F, A) is termed to be the fuzzy neutrosophic 
soft set over U, where F is a mapping given by F: A P(U). 

Throughout this paper Fuzzy Neutrosophic soft set is denoted by FNS set / FNSS. 


Definition 3.3: A fuzzy neutrosophic soft set A is contained in another neutrosophic set B. (i.e.) A cB if 


Vx eX, T(x) ST, (xX), 1, (X) S Tp (X) , Fa (X) 2 Fp (x). 

Definition 3.4: The complement of a fuzzy neutrosophic soft set (F, A) denoted by (F, A)* and is defined as 
(F, A) ‘= (FS IA) where F°:|A — P(U) is a mapping given by 

Fa) = <x, Tic (x)= Fp(X), Tc (X)= 1-1 p(X), Fc (X)= Te (x)> 
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Definition 3.5: Let X be a non empty set, and A= (x, T1015 CO .8 4 (x)), B =(x, T(x), 13 (X), Fp (x)) are 


fuzzy neutrosophic soft sets. Then 


AO B=(x, max (T,(x),T,(x)),max(I,(x),1_(x)),min(F, (x), F,(x))) 


AA B=(x, min (L,(x),T, (x), min(I (x), I, (x), max(F, (x), F(x) 


Definition 3.6: A fuzzy neutrosophic soft set (F,A) over the universe U is said to be empty fuzzy neutrosophic soft set 


with respect to the parameter A if T,.,,) =0,1,(.) =0, Fi... =1,Vx €U, Vee A. It is denoted by Oars 


Definition 3.7: A FNS set (F, A), over the universe U is said to be universe FNS set with respect to the parameter A if 
Trey =LT pe = 1, Fey) = 9,V x EU, Ve € Alt is denoted by dy 


Note: 0, = 1, and (i, i = Ow 
Definition 3.8: Let A and B be two FNS sets then A\B may be defined as 
A\B= (x, min (T(x), F,(x)),min(I,(x),1—1,, (x), max(F,(x),T,(x))). 


Definition3.9: 


(i) Fpis called absolute Fuzzy Neutrosophic soft set over U if F(e) = 1, for any e € E. We denote it by U; 


(ii) F,is called relative null Fuzzy Neutrosophic soft set over U if F(e) = 0, for any e € E. We denote it by dp. 


Obviously 6; =U, andU, =¢,. 
Definition 3.10: The complement of a fuzzy neutrosophic soft set (F, A) can also be defined as 
(F, A)’ =U, \F(e) for alleeA 
Note: We denote Ug by U in the proofs of the proposition. 


Definition 3.11: If (F, A) and (G, B) be two fuzzy Neutrosophic soft set then “(F, A) AND (G, B)” is a FNSS denoted 
by (F, A) 4 (G, B) and is defined by (F, A)  (G, B) = (H, A x B) 


where H(a, b) = F(a) 7 G(b) V acA and V beB where 7 is the operation intersection of FNSS. 


Definition 3.12: If (F, A) and (G, B) be two fuzzy Neutrosophic soft set then “(F, A) OR (G, B)” is a FNSS denoted by 
(F, A) v (G, B) and is defined by (F, A) v (G, B) = (K, A x B) 


where K(a, b) = F(a) U G(b) V acA and V beB where UV is the operation union of FNSS. 


Proposition 3.13: Let (F,A) and (G,A) be FNSS in FNSS(U), .Then the following are true. 
(i) (BA) € GA) iff (F, AYAGA) = (FA) 
(ii) (FA) € (GA) iff (F, A)OG,A) = (F, A) 


Proof: 


(i) Suppose that (F,A) = (G,A) Then F(e) CG(e) for all e eA. Let (F, A) A (G,A) = (H, A) 


Since H(e) = F(e) A G(e) = F(e) for all ee A ,by definition (H, A) = (F, A). Suppose that (F, A) A (G,A) = (F, A). Let 
(F, A) A (G,A) = (H, A).Since H(e) = F(e) M G(e) = F(e) for all ee A, we know that F(e) C G(e) for all e eA. Hence 
(F, A)  (G,A) 

(ii) The proof is similar to (i) 
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Proposition 3.14: Let (F, A) , (G, A), (H, A), (S, A) €¢ FNSS(U),. Then the following are true 
(i) If(F, A) (G,A) = 6, then (F,A) € (G,A)° 

(ii) If (F,A) C (G,A) and (G,A) C (H,A) then (F,A) € (H,A) 

(iii) If (F,A) C (G,A) and (H,A) & (S,A) then (F, A) 0 (H,A) € (G, A)A\(S,A) 

(iv) (F,A) € (G,A) iff (G,A)° € (F,A)° 


Proof: 
(i) Suppose that (F, A) A (G,A) = b,.Then F(e) M G(e) = o . So F(e) c U\G(e) =G“(e) for all ec A. 


Therefore we have (F, A) a (G, A)* Proof of (ii) and (iii) are obvious. 
(iv) (F,A) € (G,A)& F(e) c G(e) for all ecA 

<> (G(e))‘c(F(e))< for all ee A 

<> Ge) c Fe) for all ec A 

© (G, A)’ E (FA) 


Definition 3.15: Let I be an arbitrary index set and {(F; , A)},-; be a subfamily of FNSS(U),. 
(i) The union of these FNSS is the FNSS (H, A) where H(e) = U F,(e) for each ec A. 


iel 
We write (_) (Fi, A) = (HLA) 
iel 
(ii) The intersection of these FNSS is the FNSS (M, A) where M(e) = () F,(e) for each ec A. 


ieI 


We write (> (Fi, A) = (M.A). 


iel 
Proposition 3.16: Let I be an arbitrary index set and {(F; , A)}i-; be a subfamily of FNSS(U), . 


Then (i) coe (F;, A)]° = l~ (F,A)° 


iel iel 


GIA GA = OG, AY 


iel iel 
Proof: 
(i) [Cy (Fi, A)I’ = (LA) By definition H‘(e) = Ur \ H(e) = Ur \ LJ B@ = () We\ F@) for all ec A. On the other 
iel iel ie] 


hand , [~~ (F;, A)I° =(K ,A) By definition ,K(e) =() ©) = (| U-F©@) forall eca. 


ieI ieI iel 


(ii) [ \ (i, ADI = (HLA). By definition H'(e) = Us \ H(e) = Ue \ () © = LU We\F@) for all ec A. On the other 


iel ie] ieI 
hand ,[C) (F; A)I° =(K ,A) By definition ,K(e) = 8 = LU Ur-Fi@) forall eea. 
iel icI iel 


Note: We denote $; by and U; by U 
Proposition 3.17: 

i) (o,A)°=(U, A) 

ii) (U, A)"= (oA) 

Proof: 


i) Let (@,A) =(F,A) 
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Then Vee A, 

F(e) = {(x, Tr@(X), Tee(X), Fre(x)): xe U} 

= {(x, 0, 0, 1): xeU} 

(>, A)’ = (FA) 

Then Vee A, 

(F(e))° = { Tr@(X), Tee), Frc (x): xe UF 
= {(x, F(x), 1 - Ine (x), Tra (x): xeU} 
={(%, 1, 1, 0) xeU} =U 

Thus ( , A)° = (U, A) 

ii) Proof is similar to (i) 


Proposition 3.18: 
i) (FA) UA) = A) 
ii) (F,A) U(U,A)=(U,A) 


Proof: 
) (FA) = fe, & Tre), Ine (X), Fre(x)): xeU} Vee A 
(o>, A) = {e(x, 0, 0, 1): xeU}Vee A 
(F,A) Ob, A) = fe, (x, max(T r(x), 0), Max(Ir(o(x),0), min( Fr(o(x),1)): xeU}Vee A 
= {e(X, Tre(X), Ip@(X), Fre(x)): xeU}} Vee A 
= (F, A) 
ii) Proof is similar to (i) 


Proposition 3.19: 
i) (BA) O(0,A) = (A) 
ii) (FA) O(U,A)=(F,A) 


Proof: 
i) (F,A) = {e, (x, Tr (X), Ine (X), Fro (x): xeU} Vee A 


(o , A) = {e(x, 0, 0, 1): xeU}Vee A 
(FA) A (b, A) = fe, (X, min(Tr@)(X), 0), min(Iy(@\(X),0), max( Fr(@(x),1)): xeU} Vee A 
= {e(x, 0, 0,1): xeU}Vee A 
= (, A) 
Thus (F, A) (, A) = (, A) 
ii) Proof is similar to (i) 


Proposition 3.20: 
(i) (BA) O(,B)=(BA)iff BCA 
(ii) (F,A) U(U,B)=(U,A) iff ACB 
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Proof: 
i) We have for (F,A) 


F(e) = {(x, Tr(@)(%)s Ino(X)s Fr@(x)): xeU} Vee A 

Also let (o , B) = (G, B) then 

G(e) = {(x, 0, 0, 1): xeU}Vee B 

Let (F, A) U (6, B) = (F, A) U(G, B) = (H, ©) where C = AUB and Vee C 


A(e) = 9{(% Toe (%) Lege); For (X)) x € US If ee B-A 


{(X, Ty); Lage), Fre (X)): x € U}if ee A-B 
{(x, max (Thi) (X); Tee) (X)), Max (Lyi (X) Fey (&)) , MIN(F;() (X), Foe (X)) ) x € UFif ee ANB 


{(x, 0,0,1):x eU}ifeeB-A 


{(X, Try); Liye) &); Fie (KX): X e UHif ee A-B 
{(x, max (Ty, (x),0), max (I,,.(x),0), min(F,,.(x),1)): x « U}ifee ANB 


{(X, Tre (4), Li (&), Fre (X)) x € USif ee A-B 
= 4{(x, 0,0,1):x eU}ifeeB-A 
{(X, Tre (X), Ti (%), Fre (X)):x eU}if ee ANB 


LetBcA 


{(X, Ty) ); Liye); Fi (K)) x e USifee A-B 


hen H(e) = 
— e ie i) (x), Ty) (x), Fre) (x)) “ae Uyit Sane 


=F(e) Vee A 
Conversely Let (F, A) O (do, B)=(F, A) 
Then A = AUB > BcA 
(ii) Proof is similar to (i) 


Proposition 3.21: 
(i) (BA) OB) = ANB) 
(ii) (F,A) A (U ,B) = (F,AMB) 


Proof: 
i) We have for (F,A) 


F(e) = {(x, Tr@(X)s Iro(X), Fre(x)): xeU} Vee A 

let (o ,B) = (G,B) then 

G(e) = {(x, 0, 0, 1): xeU} Vee B 

Let (F, A) 1 (, B) = (F, A) A\(G, B) = (H, © where C = APB and Vee C 

H(e) = {(x, Min (The) (X), Tee) (X)), Min (TL), (X); Lege) (X)) , MaX(Fey)(X), Fore) (X)) ) x € UF 
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= {(x, min (T,,.) (x),0), min (1,,.)(x),0) , max(F,,.)(x),1) ):x « U} 
= {(x, 0,0,1):x e U} 
=(G,B) = (6B) 
Thus (F, A) 7 (, B) = ($, B). 
ii) Proof is similar to (i). 


Proposition 3.22: 
i) (BA) OG.B) € (AX UG BY 
i) (BAY A(G,BY C (BA) A (GB) 


Proof: Let (F,A) © (G,B) = (H,C) where C = AUB and Vee C 
{(X, Tye (X); Live), Frye) (X)): X € Ufif ee A-B 


A(e) = 41%, Tee (X), Loe), Foye) (X)): X © Ub ife e B-A 
{(x, max (Thy. (X), Tei X)), MAX (Tp() (X), Tec OX) sMIN( Fy) (XK), Foe) (X)) ): X € Ufifee ANB 


Thus ((F, A) U (G, B))° = (H,C)° where C = AUB and Vee C 
(F(e))° ifeeA-B 
(H(e))’ =4(G(e))' ee B-A 
((F(e)U G(e))* if ee ANB 
{(X, F(X), 1 - Tye (®), Tr (x): X € U}if ee A-B 
= 91 {(X, Fy (X), 1a (®), Toe (x): x € U}if ee B-A 
{(x, min (Fei (X), Fo) (X)), L-max (Tp) (X) Te) (X)) Max(The (X), Tee (X)) ): X ¢ U}ife e ANB 


Again, (F, A)’ U (G, B)° = (1, J) say J = AUB and Vee J. 


(F(e))° ifeceA-B 
I(e) =4(G(e))° ee B-A 

(F(e))* U(G(e))* ifee ANB 

{(X, Fr (X), 1 - Lig) (X), Tr (X)): x € Uf ee A-B 

=1{(K, Fo (X), 1 - Le (X)s Tee (X)) :X € U}if ee B-A 

{(x, max (Fy (X), Foie (x), max (1- 1) (X),1- Lee (x), MiN(Ty (X), Tey (X)) ): x € Uf ee ANB 
CcJ Vee J, (H(e)) < Ke) 
Thus ((F, A) O (G, B)) € (F,A)® U(G, BY 
ii) Let (F, A) Q (G, B) = (H, © where C = APB and Vee C 
H(e) = F(e) 7 G(e) 


= {(x, min (Tg¢)(X), Te (X)), Min(Tre)(X), Icce(X)), Max( Fre(X), Fe(x))} 
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Thus ((F,A) a (G ,B)) © = (H, C)* where C = AWB and Vee C 
(H(e))° = {(x, min(T p(X), Tee(X)), Min(Tp()(X), Icey(X)), MAX( Fp (e)(X), Fee)(x)) }° 
= {(x, max(Fre(X), Fo@(x)), 1 -— minr~@(X), Iee(X)), min( Trex), Tare ())} 

Again (F, A)’ (\(G,B)° = (1, J) say where J= ACB and Vee J 
Ie) = (F(e))° A(G(e))° 

= {(% min(Fre(X), Fore(x)), min(1 — Ine(x), 1 — Iofe()), max( Tr@(X), Toe(x))} 
We see that C = J and Vee J, I(e) < (H(e))* 
Thus (F, A)° 9G, BY & (BA) 9 (GB) 
Proposition 3.23: (De Morgan’s Laws) For Fuzzy Neutrosophic soft sets (F, A) and (G, A) over the same universe U 


we have the following 
i) (A) UGA) = (BAS G AY 


ii) (BA) 9 GA) = (BAY O (GAY 
Proof: (i) Let (F,A) © (G,A) = (H,A) where Vee A 
H(e) = F(e) U Ge) 
= {(x, max(Tr@(x), Tee@(x)), max( Tre(x), Ie(e)(x), min( Fre(X), Fore(x))} 


Thus ((F, A) U (G ,A))° = (H,A)° where Vee A 


(H(e))° = (Fe) U Gee) 


{(x, max(Tr@(X), Tee), max(Te(X); Iece(X)), min( Fr@)(X), Fore (x))}° 
= {(x, min(Fy@)(X), Fec)(X)),1 — max(Ip(@)(X); Iec)(X)), Max( Tr@(X), Tove (x))} 
Again (F, A)  (G, A) =(L, A) say where Vee A 
Ie) = (Fle) A(G(e))° 
= {(x, min(Fre(X), Fore(x)), min(1 — Tre(X), 1 — Ic@(x), max( Tre(X), Tar(X))} 
= {(x, min(Fy@(X); Fec(X)), 1 — max( Trie(x), Toe(x)), Max( Tr@(X); Tee(X))} 


Thus ((F, A)  (G, A)) — (FA) (GAYS 


(ii) Let (F,A) © (GA) = (H, A) where Vee A 
He) = Fe) A Ge) 
= {x, MiN(Ty(e)(X), Toie(X)), min(Tee(X), Lece(x)), Max( Frie)(X), Fore (x))} where Vee A 
(BA) 9 (G, A) =H, A) 
(He) = (FO) A Ge) 
={x, max(Fpe)(X), Foce(X)),1 — min(Ip()(x), Ice)(x)), min( Trex), Tee@(x))} where Vee A 


Again (F, A)’  (G,A)° = (I, A) say where Vee A 
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I(e) = (F(e)) U Ge) 
= {(x, max(Fp(e)(X), Fore(x)), max(1 — Tp(e)(x), 1 — Iccey()), min( TEe)(X), Tccey(X))} 


= {( x, max(Fre)(X), Foe(x)),1 — min(p@)(X), Levey(X)), MiN( TEe)(X), Tee(X))} 


Thus (FA) % (G,A))°= (FA) U (G,A)’. 

Proposition 3.24: For FNSS (F,A) and (G, B) over the same universe U, we have the following. 
(i) ((F, A) A (G, B))° = (FA) v (G,B)° 

(ii) ((F, A) v (G, B))° = (F,A)* A (G,B)° 


Proof: 


(i) Let (F,A) ~ (G,B) = (H, A x B) where H(a,b) = F(a) ~ G(b) V acA and V beB where - is the operation 
intersection of FNSS. 


Thus H(a, b) = F(a) ~ G(b) 

= {x, min(Tra@(X), Toa)(X)), min(e@(X), Ige)(X)), max( Fra(X), Foa)(x))t 
((F,A) a (G,B))° = (H, Ax B)* V (a,b) €e AxB 
(H(a,b))° = {x, max(Fya)(X), Feo)(X)), 1 — min(p@(X), Io@)(X)), min( Trax), Tee@y(X))} 
Let (F, A) v (G,B)° = (R, Ax B) 
where R(a, b) = (F(a))° U (G(b))* V ac A and V beB where 1 is the operation intersection of FNSS. 
R(a, b) = {x, max(Fray(x), Fe@y(x)), max(1 — Tea(x), 1 — Iee)(x)), min( Tray(x), To@y(x))} 

= {x, max(Fra(X), Fow(x)), 1 — min(Tra)(x), Iew)(x)), min( Tr@(x), Tew)(x))} 

Thus ((F, A) A (G, B))° = (FA) v (G,B)° 
(ii) Similarly we can prove (ii). 
4, FUZZY NEUTROSOPHIC SOFT TOPOLOGICAL SPACES 


Definition 4.1: Let (F4, E) be FNS set on (U, E) and t be a collection of Fuzzy Neutrosophic soft subsets of (Fa , E). 
(Fa, E) is called Fuzzy neutrosophic soft topology (FNST) if the following conditions hold. 


(i) op ,Upe % 
(ii) Fe,Gp et implies Fy (Gp €t 
(iii) (Fy ). Pacer Ye T implies OF, )e :aer ler 


The triplet (U, t, E) is called an Fuzzy Neutrosophic soft topological space (FNSTS)over U. 

Every member of t is called an Fuzzy Neutrosophic soft open set in U. 

Fr is called an Fuzzy Neutrosophic soft closed set in U if Fp € t°, where T° = \F ey :F, €T \ 
Example 4.2: Let U = {b,, by, b3} and E= {e, e2}. Let Fz, Gg, Hg, Le be Neutrosophic soft set where 
H(e1) = {< b,0.8,0.4,0.5>, < bo, 0.7,0.7,0.3>, < bs, 0.7,0.5,0.4>} 

H(e2) = {< b1,0.9,0.5,0.6>, < bo, 0.8,0.8,0.4>, < bs, 0.8,0.6,0.5>} 

F(e,) = {< b,,0.5,0.4,0.5>, <b, 0.6,0.7,0.3>, < bs, 0.6,0.5,0.4>} 


F(e2) = {< b,,0.6,0.5,0.6>, < by, 0.7,0.8,0.4>, < bs, 0.7,0.6,0.5>} 
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G(e,) = {< b1,0.8,0.4,0.7>, < by, 0.7,0.3,0.4>, < bs, 0.7,0.5,0.6>} 
G(e2) = {< b;,0.9,0.5,0.8>, < bz, 0.8,0.4,0.5>, < bs, 0.8,0.6,0.7>} 
L(e1) = {< b;,0.5,0.4,0.7>, < bz, 0.6,0.3,0.4>, < bs, 0.6,0.5,0.6>} 
L(e2) = {< b;,0.6,0.5,0.8>, < by 0.7,0.4,0.5>, < bs, 0.7,0.6,0.7>} 
t= {Fz, Gp, He, Le, bz, Uz } is an Fuzzy Neutrosophic soft topology on U. 
Proposition 4.3: Let (U, t;, E) and (U, t2, E) be two Fuzzy Neutrosophic soft topological spaces. 
Denote 1,12 = {Fr: Fe €t, and Fg €t2} .Then t,t. is an FNST on U. 


Proof: Obviously og, Ug € 12. Let Fz, Gg € 1112 .Then Fz, Gg €t, and Fp, Gg €t2. T, and tT: are two FNST’s on 
U. Then FENG. eT and FeNGe €T2. Hence FeNGe ET NT, 


Let {(F, hs :ael te T, OT,. Then (F, ie €t, and (F, Ie €7 for any acl. 
Since 7, and t, are two FNST’s on U, U\(F, ye :ael Ve T, and U\(F, ye :ael Ve ae 


Thus U\(F, Me :aer \e Bet Wes, 
Let t,; and t, are two FNSTs on U. Denote 
™1V = {FE O Gr: Fe € 7 and Get}. 
TA T2= {Fe ia Ge: Fr € tT and Get}. 
Example 4.2: — Let Fz and Gg be FNST as in example 4.3. 
Define t; = {g, Ug, Fe}, t2 = {Oe ,Ur,Gg} 
Then 1t2= {g, Ug} is FNSTs on U. 
But 1, U t= {6,Uz, Fe, Ge}, t1 V t2 = {bn,Ur, Fe, Gp, Fp O Gp }and 
1 A t= {bz Up, Fe, Gp, Fe ( Gg} are not FNSTs. 
Theorem 4.5: Let (U,t, E) bea FNSTS & Let e € E, t(e) = {F(e): Fg € t} is an FNST on U. 


Proof: Lete <E. 
(i) op, Une t, Oy = (e) and ly = U(e), we have Oy, ly € te). 
(ii) Let V, W é€ t(e). Then there exist Fz, Gge t, such that V = F(e) and W = G(e). 
By t be an ENST on U, Fp M Gre 7. 
Put He = Fe ©) Gp. Then Hee t. 
Note that VM W = F(e) MN G(e) = H(e) and t(e) = {F(e): Fe €¢ t} Then VN W e 7(e). 
(iii) Let {Vo )e :ael Ve T(e). Then for every a EI, there exist {(z, ), ET 


such that V, = F, (e). By t be an FNST on U, U {(F, ). :ael \e ts 


Put F, -U((F,), :ael t then F, € t. Note that Uv, ={F (e):a ers F(e) and t(e) = {F(e) : Fz € 


acl 


t}.Then (JV, € te). 


acl 


Therefore t(e) = {F(e): F; et} is an FNST on U. 
© 2013, IIMA. All Rights Reserved 234 


I. Arockiarani*, I. R. Sumathi* and J. Martina Jency**/ Fuzzy Neutrosophic Soft Topological Spaces/ IJMA- 4(10), Oct.-2013. 


Definition 4.6: Let (U, t, E) be a FNSTS and B ct. B is a basis on t if for each Gg €t, there exist B'C B such that 
Gg = ow) B i 


Example 4.2: Let t be a FNST as in example 4.3. Then 
B= {Fs, Ge, Lg, dg, Us } is a basis for t. 


Theorem 4.8: Let B be a basis for FNST ont. Denote B, = {F(e): Fr ¢ By}and t(e) = {F(e): Fe € t}for ande e E. 
Then 8, is a basis for fuzzy neutrosophic topology t(e). 


Proof: Let ecE. For any V € t(e), V = G(e) for Gg et. Here & is a basis for t. Then there exists 
B'c B such that G;, = UO B'.So V = O B' where B! = {F(e) : Fr € B'} C B.. Thus &, is a basis for Fuzzy 
Neutrosophic topology t(e) for ande ¢€ E. 


5. SOME PROPERTIES OF FUZZY NEUTROSOPHIC SOFT TOPOLOGICAL SPACES 
In this section, we give some properties of Fuzzy Neutrosophic soft topological space. 


Definition 5.1: Let (U,t, E) bea FNSTS & Let Fz e FNSS (U)g. Then interior and closure of F; denoted respectively 
by FNSInt(F,) and FNSCI(F,) are defined as follows. 


FNSInt(F;) = © {Gp €t: Ge © Fr} 

FNSCl (Fg) = {Gp € t: Fe © Gg}. 

Example 4.2: We consider the FNST given in example 4.3. 

Let M(e,)= {< b,,0.6,0.5,0.4>, < by 0.7,0.8,0.3>, < bs, 0.8,0.6,0.3>} 

M(e2)= { < b1,0.7,0.6,0.4>, < bo, 0.8,0.9,0.4>, < bs, 0.8,0.7,0.3>} 

FNSInt(Mg) = FE 

Theorem 5.3: Let (U,t, E) be FNST over U. Then the following properties hold. 

(i) U,and d;are FNS closed sets over U. 

(ii) The intersection of any number of FNS closed sets is a FNS closed set over U. 
(iii) The union of any two FNS closed sets is an FNS closed set over U. 

Proof: It is obvious from the proposition 3.12 

Theorem 5.4: Let (U,t, E) bea FNST & Let Fg ¢ FNSS (U); .Then the following properties hold. 
(i) ENSInt (Fz) C Fp 

(ii) FeC Gp => FNSInt (Fz) © FNSInt (Gp). 

(iii) ENSInt (F,)et. 

(iv) Fgis a FNS open set <& FNSInt (Fg) = Fr. 

(v) FNSInt (FNSInt (F,)) = FNSInt (Fp) 

(vi) FNSInt (og) = Og, FNSInt (Uz) = Ug. 


Proof: 
(i) and (ii) are obvious. 


(iii) Obviously O {Gp €t: Ge Ce Fe}et 
Note that U {Gp €t: Gp © Fr} = FNSInt (Fs) 


=> FNSInt (Fz) €t. 
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(iv) Necessity: Let F; be a FNS open set. ie., Fz €t. 
By (i) and (ii) FNSInt (Fz) C Fp. 

Since F; €t and Fr Cc Fe 

Then Fz © O {Gp et: Gg © Fg}= FNSInt (F,). 
ie ., Fy © FNSInt(F;). 

Thus FNSInt = Fg. 

Sufficiency: Let FNSInt(F;) = Fr 

By (iii) FNSInt(F;) €t, ie., Fz is a FNS open set. 
(v) To prove FNSInt (FNSInt (Fg)) = FNSInt (Fg) 
By (iii) FNSInt (FE) €t. 

By (iv) FNSInt (FNSInt (Fg)) = FNSInt (Fz). 

(vi) We know that Ux and og eT. 


By (iv) FNSInt (dx) = Og . FNSInt (Uz) = Ug. 


Theorem 5.5: Let (U, t, E) bea FNST & Let Fg e FNSS (U) . Then the following properties hold. 


(i) (F:) C FNSCI(F;) 

(ii) Fz@ Gp => FNSCI (Fz) © FNSCI (Gg). 
(iii) (FNSCI(F,))‘er. 

(iv) Fis a FNS closed set < FNSCI(Fg) = Fz. 
(v) FNSCI (ENSCI (F;)) = ENSCI (F,) 


Proof: 
(i) and (ii) are obvious. 


(iii) By theorem 5.4 (iii) FNSInt( Fy )et. 
Therefore [(FNSCI(F,)]° = ((\ {Gg € 9: Fr © Gr })° 
= CO {Gp et: Gp oa ise } 
= FNSInt FY 
Then [(FNSC1(F,)]* €t. 
(iv) Necessity: By theorem 5.5 (i) Fr © FNSCI (Fx) 
Let F, be a FNS closed set ie., Fy € t°and Fy © Fy. 
FNSCI(F,) = © {Gpet: Fe © Gg}C {Fret': Fe © Fr}. 
Then FNSCI(F) © Fr Thus Fp= FNSCI(F,). 
Sufficiency: This holds by (iii). 


(v) and (vi) hold by (iii) and (iv). 
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Theorem 5.6: Let (U, t, E) bea FNST & Let Fg, Gg ¢ FNSS (U), .Then the following properties hold. 
(i) ENSInt (Fz) © FNSInt (Fg) = FNSInt (Fe © Gr) - 

(ii) FNSInt (Fz) O FNSInt (Fp) © FNSInt (Fe © Gx) 

(iii) FNSCI (Fz) © FNSCI (Gp) = FNSCI (Fe © Ge) 

(iv) FNSCI (Fz © Gg) © FNSCI(F;) © ENSCI (Gs) 

(v) (ENSInt (F;))° = FNSCI (F;9) 

(vi) (FNSCI (F,))‘ = ENSInt (F;°) 


Proof: 
(i) Since F(e) M G(e) e F(e) for any e €E, 


We have Fy ( Gp © Fr 

By theorem 5.4 (ii) FNSInt (Fg A Gg) © ENSInt (Fg). 

Similarly FNSInt (Fz (\ Gg) © ENSInt (Gy). 

Thus FNSInt (Fr ( Gr) © FNSInt (Fz) © FNSInt (Gp) 

By theorem 5.4 (i), FNSInt (Fz) © (Fs) and FNSInt (Gg) C (Gz). 
Then FNSInt (Fe ( Gg) © Fe A Ge 

So FNSInt (F;) (> FNSInt (F;) © FNSInt (Fz ( Gr). 

Similarly we can prove (ii), (iii) & (iv). 


(v) (FNSInt (F;))°= O (Gp et:Ge C Fe )S= {Gee t®: Fe © Gp} 


= FNSCI( Fy ) 
(vi) The proof is similar to (v). 
Example 5.7: Let U = {b,, by } and E={e,, e)}. Let F; be Fuzzy Neutrosophic soft set where 
F(e;) = {< b,0.2,0.6,0.8>, < by, 0.6,0.5,0.3>} 
F(e2) = {< by, 0.2,0.4,0.5 >, < bo, 0.9,0.7,0.1>} 
Obviously t = { Fz ,:,Uz } is an Fuzzy Neutrosophic soft topology on U. 
Gr, Hr are 
G(e1)= {< b,,0.1,0.2,0.8> , < bo, 0.6,0.5,0.3 >} 
G(e2)= {< b,,0.2,0.4,0.5>, < by 0.9,0.7,0.1>} 


H(e,)= {< b;0.2,0.6,0.8>, < by 0.6,0.5,0.3>} 


H(e2)= {< b1,0.2,0.4,0.5>, < be, 0.7,0.6,0.1>} 
(i) FNSInt (G,) = 6p = FNSInt (H,) 
GoW Hee Fs 
FNSInt (G;) © ENSInt (Hp) = de © dg =e and FNSInt (Gp W H,) = FNSInt (Fx) = Fp. 
Therefore FNSInt (Gp) () FNSInt (Hz) # ENSInt (Gp U H,). 
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(ii) By theorem 5.6 (v) 

FNSCI (G,;‘) = (FNSInt (Gg))‘ = o¢° = Up 
Similarly FNSCI (Hg‘) = Ug. 

FNSCl (Ge°) (\ FNSCI (Hp) = Up ( Up= Us. 
Similarly FNSC\(G;° (\ He° ) = FNSC\(Gp © He )° 

= [FNSInt (Gp U H,)I° 
=F,° 


Thus FNSC\(Gs° ~ Hg°) # FNSCI (Gg) 7) FNSCI (H,°). 


6. CONCLUSION 


We have introduced the concept of fuzzy Neutrosophic soft set and studied some of its properties. We have put forward 
some proposition based on this new notion. We have introduced topological structure on fuzzy Neutrosophic soft set 
and characterized some of its properties. We hope that this paper will promote the future study on FNSS and FNSTS to 
carry out a general framework for their application in practical life. 
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